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Optimization on a manifold

Optimization

f : M → R, smooth

minimize
θ∈M

f (θ)

Examples of M

• linear spaces: Rp×k , Sp = {X ∈ Rp×p : XT = X},
• norm constraints: Sp2−1 = {X ∈ Rp×p : ∥X∥F = 1},
• positivity constraints: S++

p = {Σ ∈ Sp : ∀x ̸= 0 ∈ Rp, xTΣx > 0},
• orthogonality constraints: Stp,k = {U ∈ Rp×k : UTU = I k},
• rank constraints: Rn×p

k = {X ∈ Rn×p with rank(X ) = k},

N. Boumal, “An introduction to optimization on smooth manifolds”

1/4



Optimization on a manifold

M

•
minimum

•
θ0

Tθ0M
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Example: low rank approximation

Given A ∈ Rn×p,

minimize
X∈Rn×p

k

∥X − A∥2F

where Rn×p
k is the manifold of n × p matrices with rank k.
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Example: low rank approximation

1 # Generate a rank 2 matrix and its noisy version

2 n, d = 30, 15

3 A = np.array([np.arange(i, i + d) for i in range(n)])

4 A_noisy = torch.from_numpy(A + np.random.randn(n, d))

5

6 # Instantiate the manifold and the cost function

7 manifold = FixedRankEmbedded(n, d, k=2)

8

9 @pymanopt.function.pytorch(manifold)

10 def cost(u, s, vt):

11 X = u @ torch.diag(s) @ vt

12 return torch.norm(X - A_noisy) ** 2

13

14 problem = pymanopt.Problem(manifold, cost)

15

16 # Instantiate the optimizer and solve the problem

17 optimizer = ConjugateGradient()

18 u, s, vt = optimizer.run(problem).point

19 solution = u @ np.diag(s) @ vt
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