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Context and objectives of the
thesis



Context of the PhD

In recent years, many image time series have been taken from the earth
with different technologies: SAR, multi/hyper spectral imaging,
Objective

To segment semantically these data using sensor diversity (spectral
bands, polarization...), and spatial and/or temporal informations.

Height

m?

Sensor
diversity

Time
Figure 1: Multivariate image time series.

Applications

Activity monitoring, land cover mapping, crop type mapping, disaster
assessment ...

2/44



Example of multi-spectral time series

Breizhcrops dataset!:

e more than 600000 crop time series across the whole Brittany,
e 13 spectral bands, 9 classes.

Sentinel 2 Satellite Spectral Bands

PB1

PB2
PB6 PBT
PB10 PB12

PB3
PB8

PB4
PBBA

August December

Figure 3: Reflectances p of a time series of corn.

Ihttps://breizhcrops.org/ 3/44


https://breizhcrops.org/

Example of a hyperspectral image

Indian pines dataset:

e 145 x 145 pixels, 200 spectral bands,

e 16 classes (corn, grass, wood, ...).

B = !I 1
— -
.
Figure 5: Ground truth, one color =
Figure 4: Raw image. one class.
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Clustering/classification pipeline

Step 3: feature

Step 1: sliding window Step 2: feature estimation clustering/classification 2 classes: white and red
b
+ 0 s
ok <
0 6,
+F
T {xi}r—> (I]T\i\r/]l L0, X1, oy Xp) ——> — >
= (_)3
+
One 0 characterizes 05 A
; +
one pixel ! +

Figure 6: Clustering/classification pipeline.
Assumption:

x ~ f(.;0), a probability density function, § € M

Examples of 6:

0 = X a covariance matrix, 8 = (u, X) a vector and a covariance matrix,
0 = ({7}, U) a scalar and an orthogonal matrix...

M can be constrained !
5/44



Step 2: objectives for feature estimation

Figure 7: Example of a SAR image Figure 8: Example of a hyperspectral

(from nasa.gov). image (from nasa.gov).

Objectives:

e develop robust estimators, i.e. estimators that work well with non
Gaussian or heterogeneous data because of the high resolution of
images,

e develop regularized/structured estimators, i.e. estimators that
handle the high dimension of hyperspectral images.
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Step 3: objectives for clustering/classification

Figure 9: Divergence 0.: Figure 10: Center of mass of {6;}¥,.
squared length of the curve ~.

Objectives:
develop divergences that

e respect the constraints of M,
e are related to the chosen statistical distributions,

e are robust to mislabelization and distribution shifts between train
and test sets.
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Clustering/classification pipeline and Riemannian geometry

Random variable: x ~ f(.;60), 6 € M

Step 2: maximum likelihood estimation

minimize £(6|{xi}_1) = —log f({xi}{_1: 6)

Step 3: given J, center of mass of {9,-}?11

minimize 25(3,9,')

Use of Riemannian geometry:

e optimization under constraints,

e “Fisher information metric’ — a canonical Riemannian manifold
for the parameter space M (fast estimators, intrinsic Carmér-Rao
bounds...),

e J: squared Riemannian distance. 8/44



Riemannian geometry and
problematics



What is a Riemannian manifold ?

To,M g, |°g0 (62) Curvature induced by:
“ 6y = expy; Mg) e constraints, e.g. the sphere: ||x|| =1,

e Riemannian metric, e.g. on S;r*:

(& my =TT ez 1n).
o= dM (91, 92)

Some geometric tools:

e tangent space Ty M (vector space): linearization of M at 6 € M,
e Riemannian metric (., .)é\’l: inner product on Ty M,

e geodesic : curve on M with zero acceleration,

e exponential map: exp;(&) = (1) with v(0) = 6, %(0) = &,

e logarithmic map: logy" 7 (62) = € with expp? M(€) = 6o,

o distance: d(61,062) = H|ogg‘j(92)H0
1

N. Boumal, “An introduction to optimization on smooth manifolds” 9/44



What is a Riemannian manifold ?

Examples of M
e linear spaces: RP*k, Sp ={X e RP*P: X" = X1,
e norm constraints: 5P~ = {X € RP*P : Xl =1},
e positivity constraints: ST ={X €S, :Vx#0 € R, x"Ix >0},
e positivity and scale constraints: SSf* = {X € Sf* : |X| =1},
e orthogonality constraints: St,, = {U € RP*¥: UTU = I},
e quotient spaces: Grp = {{UO: 0 € O} : U € Sty }.

Optimization
f:M—R

minimize f(6)
feM
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Optimization on a manifold

11/44



Optimization on a manifold
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Optimization on a manifold
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Optimization on a manifold
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Fisher information metric

Random variable, negative log-likelihood
x~f(;0), 0eM
L(0|x) = —logf(x;0)

Fisher information metric

(& me™ = Exnr(i0) [D* £(0]x) [, 7]]
= vec(&) " 1(6)vec(n)
where
1(0) = Ex~r(.0) [Hess L(0]x)] € S;+

is the Fisher information matrix.
(Set of constraints, Fisher information metric) = a Riemannian manifold
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Existing work: centered Gaussian

A well known geometry:
x~N(0,X), Test
with the Fisher information metric:
€mEV =Tr(T7'¢x 7 1n).

Induced pipeline
Step 2:

. 1< -
ZSCM = — E X,'XI- B
n 4
i=1
Step 3: geodesic distance on S+

-1 _1
log ():1 X 2)

d8;+(zl7 ):2) =

2

Riemannian gradient descent to solve:
minimize d§++():, ).
Tesgt T op
Performant and standard pipeline in EEG/MEG signals classification !

A. Barachant et al., “"Multi-class Brain Computer Interface Classification by

Riemannian Geometry”, IEEE Transactions on Biomedical Engineering 13/44



Problematics

Go beyond x ~ N(0,X)
e x ~ N(p,X) for non-centered data,
e x; ~ N(p,7;X) for non-centered data and robustness,

e x; ~N(0,7;UU" + 1,) for high dimensional data and robustness.

Problems
e Existence of maximum likelihood estimators ?
e Not always closed form estimators: how to get fast iterative algo. 7

e Not always closed form expression of the Riemannian distance: what
to do 7

e How to get fast estimators of centers of mass ?

14/44



Geodesic triangles for machine
learning - [2]



Geodesic triangles for machine learni

Step 3: feature

Step 1 sliding window Step 2: feature estimation clustering/classification 2 classes: white and red
3
+ 6 [
£+
0, 0,
+ o+
N {xi} > min L0, x1, ..y Xp) —> -
= O3
+
One 0 characterizes 05 0a
one pixel ! +

Figure 11: Clustering/classification pipeline.

Non-centered multivariate Gaussian distributions

Let xq,---,x, € RP distributed as x ~ N (u, X) with p € RP,
eSSt

Goal: classify 6 = (u, X).
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Geodesic triangles for machine learning

Riemannian geometry of Gaussian distributions
Space of § = (u, X) € RP x S with the Fisher information metric:
WE = (5,“52) » = (nu,nz) in the tangent space

. 1 . -
(€mE™ =€ Em, + 5 Tr (7762 ng) -

Problem
This Riemannian geometry is not fully known...

N(pq, Z(uz )

M. Calvo and J. M. Oller, “An explicit solution of information geodesic

equations for the multivariate normal model”, Statistics & Risk Modeling
16/44



Geodesic triangles for machine learning

Solution: use of geodesic triangles
Divergence ¢:

R (142, 2) squared arc length of
the path between
(B, X1) and (pp, Xo).

N(IJ‘27Z)

(Sc : (ll'lvzl) — (/J’27 Czl) - (IJ’27 Z2)7 Ve >0
61 (1, Z1) = (o Ty + ApApT) = (g, X2), Ap=py — py

Riemannian center of mass (u, X) of {(u;, X/)}

(. Z)= argmin > drc 1y (1, X)), (17, X))

(m,Z)ERP XSy

Computed with a Riemannian gradient descent on (RP X S;*, (- )F'M)
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Application to the Breizhcrops dataset

Parameter estimation + classification with a Nearest centroid classifier

—— X, RPXn fisy, RP Esem with =0, S+
sem, St —— (fasm, Escm), Oe (/s> Escm), 01
Z 0.6 0.6
°
=3
3 04+ 0.4
T
g 0.2 4 0.2
& E—
T T T T T T T T
103 102 0 0.2 0.4
t t
(a) Rotation transformation: (b) Scale transformation:
x;i = Q(t)Tx; with Q(0) = I, xi— (1 —t)x;

Figure 12: “Overall Accuracy” versus the parameter t of two transformations
applied to the test set of the Breizhcrops dataset.
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Estimation and classification of
non centered and heteroscedastic
data - [1, 7]




n-centered mixtures of scaled Gaussian distributio

Step 3: feature

Step 1: sliding window Step 2: feature estimation clustering/classification 2 dbrses wiifie amd
0,
+ 0, s
+ +
[
N {xi}r—> El& L0, x1, .oy X;) ——> ) = .
i 3
+
One 0 characterizes 05 Oa
. L
one pixel !

Figure 13: Clustering/classification pipeline.

Non-centered mixtures of scaled Gaussian distributions (NC-
MSGs)

Let x1,--- ,x, € RP distributed as x; ~ N (p, 7;X) with p € RP, £ € S5, and
T € (RH)".

Goal: estimate and classify 6 = (u, X, 7).

Interesting when data are heteroscedastic (e.g. time series) and/or contain outliers.
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Parameter space and cost functions

Parameter space: location, scatter matrix, and textures

Mpn=RP x SFt x S(RY)"

where

S(RI)" = {‘r € (RY)": ﬁ‘r; - 1}
i=1

e Positivity constraints: X >0, 7; > 0

e Scale constraint: J]7 ;7 =1

Need generic optimization algorithms on M, .

Parameter estimation Center of mass estimation
Minimization of a regularized negative Averaging parameters {0;}, with a to
log-likelihood (NLL), 8 > 0 be defined divergence §
M
minimize £ (6] {x;}/_;) + BR«(6) minimize L 26(0, 0;)
0EMp n = 0eEMpn M =

20/44



Parameter space with a product m

Product metric

Let 5 = (5“7 E):vg‘r)’ n= ("7“7 Nz, ,'77') in the tangent space,
MEod T -1 1 O—1\T o-1
Emg " =E€unu +TH(E 46X ms) + (6,077 ) (- 0777)
where © is the elementwise operator.
Product manifold = easy derivation of the geometric tools

Prod.
— Riemannian gradient descent and conjugate gradient on (Mp,n: (o ,)Mp,n )

Slow in practice ...

3 Prod., steepest 100 |
Prod., conjugate £ -1 —~ J\VN\’Mﬂ mn
jug €10 ¥ ,ndlm_“‘\l_.m
j E ].0_2 1
=z 8 1073
o —4 _|
© 10
14 O 1075 _
T T T T T T T T
1 10 100 1000 1 10 100 1000
Iterations Iterations
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Parameter space with the Fisher information metric

Fisher information metric of NC-MSGs
Let 5 = (5“7 E):vg‘r)’ n= ("7“7 Nz, ,'77') in the tangent space,

n

MFIM Z 5;2_ 5 Tr(): s Ing)+ o (5-;-@7'@ HT(m, 01071

Most geometric tools remain unknown like geodesics, distance ...

But, derivation of the Riemannian gradient and a second order retraction.
FIM

— Riemannian gradient descent on <Mp,,,, (., .)MP»" >

3 Prod., steepest 100
Prod.: conjugate 1S —1 \—/\VI\A’MM i
FIM, stee;esgt S 10 ! "d,ﬂr.‘muyl"ml
j E 1072 ]
= 5 1073
= —4 ]
© 10
1 O 105
T T T T T T T T
1 10 100 1000 1 10 100 1000
Iterations Iterations
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Simulated data

10% 4 1014
101 | 1012 —
o 10,2 _ oo 1010 ]
R W 10 >
I 107° 7 | 106 Zsem
—8 | > X
(X 10 ( 4 | Ty, m
- 11 _| — 10 £
10 102 N b
1014 - 10° k ‘
T T T T T T
20 100 1000 20 100 1000
Number of samples Number of samples

Figure 16: MSE over 2000 simulated sets {x;}7_; C R'® versus the number
samples x; for the considered estimators 1 € {figy, fity; ftig} and
% e {Esem, Evy 0, 21y, 216} The proposed estimators are fi,; and ¥ic.

D. E. Tyler, “A Distribution-Free M-Estimator of Multivariate Scatter”, Ann. Statist.
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Parameter estimation

NLL neglecting terms not depending on 6:

L(O{xi}i=1) = %Z {bg mE| + (xi — ) i’ (xi — u)} .

i=1

Existence of the maximum likelihood estimator ?

Observation of sequences (6(Y), such that

£ (6D (xibr,) < £ (001xi}) and 60— 0p

where 00 is a border of M, , (e.g. 7; =0).

The existence of a minimum in M, , depends on {x;}7 ; !l

24 /44



Parameter estimation

Existence of a regularized maximum likelihood estimator
Under some assumptions on R, and 8 > 0, the regularized NLL

0 = L(O{{xi}1) + BRx(6),

admits a minimum in M, ;.

Name Ry

L1 penalty H(diag(T) QRE) =k Uuxp

’1 =2 ’(TiAj)_l - Kfl‘
2 _ 2
’2 = (@) -k

squared distance dw ((diag(r) @ Z) 71 w7 nxp) = 3 ((Ti)‘j)7

—n)’
Gaussian OkL(Klnxp, diag(T) ® X) =
KL divergence : {Z,J (k (T,')\j)il + log (1iA;) ) — np(1 + Iog(n))]

L2 penalty H(diag(T) @) — kU onp

Bures-Wasserstein

(NI

where ); are the eigenvalues of X.
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Classification

KL divergence between NC-MSGs

OkL(01,02) =

1 (=T —1 1 Ty 1 | X2
E = Tr (22 ):1)—4-5 —Ap ¥, "Ap + nlog —np
q T2.i
i=1 ’

=1 T

2

with Ap = py — py.

Symmetrization:

1
M, 0 (01,02) = > (0kL(01,02) + dkL(02,01))

Riemannian center of mass

M
1
VIR 3 2 M (0,0

. a n MFIM
Riemannian gradient descent on (./\/lp,r,7 (o )7 Pv").
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Simulated data

M=2 M = 100
6 _| Prod., steepest 6 _|
8 105 | Prod., conjugate 105 | ~
= 10 FIM, steepest 10
2 10* N : 104
g 103 | \ 103 -
2 10% 102
X 10! 10!
10° 4 T T T 10° 4 T T T
1 10 100 1000 1 10 100 1000
£ 1054 10° 4 =
2:5 105 WM o W
2 10t 10!
2 107! 1071
2 1073 1073
o 1075 i T T T T 1075 i T T T T
1 10 100 1000 1 10 100 1000
Iterations Iterations

Figure 17: KL variance and its gradient norm versus iterations of the optimizers.
The dimensions of the parameter space are p = 10 and n = 150. Two different
numbers of points M are considered: 2 in the left column and 100 in the right one.
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Application to the Breizhcrops dataset

Parameter estimation + classification with a Nearest centroid classifier

——— X - Euclidean fisy - Euclidean %scm - Euclidean
— Zscm - sym. KL —— (fasy, Escm) - sym. KL 6 - sym. KL
> 0.6 > 0.6
o O
o I\
S 04 g 04
< <
T 024 T 024
g $
A
° o \ \ ° o \ \
1073 1072 1073 1072
t t
(a) Mean transformation: (b) Rotation transformation:
x; = x;j + p(t) with 4(0) =0 xi — Q(t)"x; with Q(0) =1,

Figure 18: “Overall Accuracy” metric versus the parameter t associated with
transformations applied to the test set. The proposed Nearest centroid classifier is “0 -
sym. KL". The regularization is the L2 penalty and 8 = 1011,

Github: https://github.com/antoinecollas/optim_compound 28/44
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Probabilistic PCA from
heteroscedastic signals - [6]




Study of a “low rank” statistical model

Step 3: feature

Step 1: sliding window Step 2: feature estimation clustering/classification 2 classes: white and red
Os
t 0 s
ok t
0 6,
N {xi}— min £(0, X1, ..., x,) —> s
9eM
e/ 93
+
One 0 characterizes 05 04
. i
one pixel !

Figure 19: Clustering/classification pipeline.
Statistical model
X1, ,Xp € RP, Yk < p:
x; ~N(0,7;UUT +1,)

with 7; > 0 and U € RP*¥ is an orthogonal basis (UT U = I).
Goal: estimate and classify 6 = (U, 7).
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Study of a “low rank” statistical model

Statistical model

d
xi = +/rUg + _n
~~— J ~—~

S signalespan(U) ~ NOise€ER?

where g ~ N(0, /) and n ~ N(0,1,) are independent, T € (R})”,
and U € RP*¥ is an orthogonal basis (U U = I}).
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Study of a “low rank” statistical model: estimation

Maximum likelihood estimation

Minimization of the NLL with constraints, § = (U, )

e U € Grp x: orthogonal basis of the subspace (and thus invariant by rotation !)

e 7 c (Rf)" : positivity constraints

minimize  £(0] {x;}7_;)
0EGr, X (RE)"

31/44



Study of a “low rank” statistical model: estimation

Fisher information metric
V£ = (€U7£‘r) 1= (Wu: 771-) in the tangent space

& mE™ = 2nc. Tr (ehmy) + k (€, © 1+ 7)) (n, 0 A+ 7)),

n 2

1 7%
where ¢ = — L.
T n; 1+

Derivation of the Riemannian gradient and of a retraction.

To minimize the NLL: Riemannian gradient descent on (Gr, x x (RT)", (., .)FIM).

Prod. metric
3 - FIM
S 2+
=2
1 —
0 \ \ \ \
0 50 100 150 200
Iterations

Figure 20: NLL versus the iterations. 32/44



Study of a “low rank” statistical model: bounds

Intrinsic Cramér-Rao bounds
Study of the performance through intrinsic Cramér-Rao bounds:

subspace estimation error

E[d2,  (span(D), span(U))]

(p=Fkk _ (p—k)k
ncr n x SNR

v
L

IV

RE)"

E[d(2 (#,7)] 1 Z M
N———

texture estimation error

10!

100

rp,k(span(0)7span(u))

101

dé

T T T TTTTT] T T T TTTTT] T T TT
103 10
Number of samples

Figure 21: Mean squared error versus the number of simulated data. .
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Study of a “low rank” statistical model: K-means++

(U1, 71) (U2, 712)

Fi 23: Center of .
Figure 22: Distance. igure 23: Center of mass (U, 7)

truth
80 100 120 140

Ground
60

16
0 2 4 6 8 100 120 140
0

0 20 4
0

0 20 4 6 8 100 120 140

Figure 24: Figure 25: Figure 26: Ground truth.
Euclidean K-means++-: Proposed K-means+:
OA = 31.2%. OA = 47.2%.

Github: https://github.com/antoinecollas/pyCovariance SR
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Robust Geometric Metric
Learning - [3, 4]




obust Geometric Metric Learning (RGML)

Let be a classification problem with K classes.

Metric learning

Find a Mahalanobis distance
da(xi, x;) = \/(Xi —x;)TAT (x; — x;))

relevant for classification problems.

Metric learning as covariance estimation
Proposed minimization problem, 6 = (A, {Ax})

minimize

K K
2
imize D mLk(A) A Y med i (A, A)
oe(s5) k=1 k=1

cost function to compute
the center of mass of {A}

negative log-likelihood

{7k} are the proportions of the classes and {£,} are to be defined.
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obust Geometric Metric Learning (RGML)

Let sx; = x; — xm where x;, x,, belong to the class k.

Gaussian negative log-likelihood

¥

ﬁG k(Ak ZS A;lsk,-—l—log\Ak\ o

1 &
minimized for A, = — E sk,-s,E
ny 4
=

Tyler cost function

"‘o

L7 k(Ac) = Z log (774, "si;) + log | A
i=1 $
minimized for A, = E sk,-s,z—-
TA s !
i=1 Skif' Ski
weight of
sample sy;
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Robust Geometric Metric Learning (RGML)

Riemannian metric
V€ = (& {&k})sn = (n,{nk}) in the tangent space

K
Emo=Tr(ATEAT ) + > Tr(A'¢A )
k=1

—> strongly geodesically convexity of the minimization problem
— the Riemannian gradient descent is fast

,E 9 Gaussian RGML
§ 10" 7 Tyler RGML
=
+
3
o _|
“ 10 T T T T T
0 10 20 30 40
Iterations

Figure 27: Cost function versus the iterations.
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Robust Geometric Metric Learning (RGML)

RGML + k-NN on datasets from the UCI Machine Learning Repository

Wine Vehicle Iris
p=13,n=178, K =3 | p=18,n=2846 K =4 p=4,n=150 K =3
Method Mislabeling rate Mislabeling rate Mislabeling rate
0% 5% 10% 15% | 0% 5% 10% 15% | 0% 5% 10% 15%
Euclidean 30.12 30.40 31.40 32.40|38.27 38.58 39.46 40.35| 3.93 4.47 531 6.70
SCM 10.03 11.62 13.70 17.57 | 23.59 24.27 25.24 26.51|12.57 13.38 14.93 16.68

ITML - Identity 3.12 415 540 7.74 |24.21 2391 24.77 26.03| 3.04 4.47 531 6.70
ITML - SCM 245 476 6.71 10.25[23.86 23.82 24.89 26.30( 3.05 13.38 14.92 16.67
GMML 2.16 358 5.71 9.86 |21.43 22.49 2358 25.11| 2.60 5.61 9.30 12.62
LMNN 427 6.47 7.83 9.86 |20.96 24.23 26.28 28.89| 3.53 9.59 11.19 12.22
Proposed - Gaussian | 2.07 2.93 5.15 9.20 [19.76 21.19 2252 24.21| 2.47 5.10 8.90 12.73
Proposed - Tyler | 2.12 2.90 4.51 8.31 |19.90 20.96 22.11 23.58| 2.48 2.96 4.65 7.83

Table 1: Misclassification errors on 3 datasets: Wine, Vehicle and lIris.
Mislabeling rate: percentage of labels randomly changed in the training set.

Github: https://github.com/antoinecollas/robust_metric_learning

38/44


https://github.com/antoinecollas/robust_metric_learning

Conclusion and perspectives




Conclusions

Step 3: feature

Step 1: sliding window Step 2: feature estimation clustering/classification 2 classes: white and red
Os
+ 6y Os
ok o
0 6,
+ F
N (x> Hmlu L0, X1, oy Xp) ——> —
= (_)3
+
One 0 characterizes 05 04
; +
one pixel !

Figure 28: Clustering/classification pipeline.

Interests of using Riemannian geometry in this pipeline:

e fast estimators, analysis of constrained estimation problems using
intrinsic Cramér-Rao bounds,

e new classifiers robust to distribution shifts,

e metric learning: new optimization problem with fast estimators.

Applications on real datasets: Indian pines hyperspectral image,

Breizhcrops multispectral times series, datasets from the UC/ repository. o



Conclusions

Software:
e contributor of pyManopt?: optimization on Riemannian manifolds,

e contributor of Geomstats®: computations and statistics on manifolds with
geometric structures,

e creator of Robust Geometric Metric Learning* repository.

Creator of pyCovariance®: statistical estimation and clustering/classification on
Riemannian manifolds
e _FeatureArray: custom data structure, compatible with pyManopt, to store
batch of points of product manifolds (handles combinations of scalars, vectors,
matrices)

e implements information manifolds from this presentation,

e automatic computation of Riemannian centers of mass using exp/log or autodiff
(handles scalars, vectors, matrices, product manifolds)

e K-means++ and Nearest centroid classifier on any Riemannian manifolds,

e 15K lines of code, 96% of test coverage.

2https
3https
4https
Shttps

://github.
://github.
://github.
://github.

com/pymanopt/pymanopt
com/geomstats/geomstats
com/antoinecollas/robust_metric_learning
com/antoinecollas/pyCovariance
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e Beyond KL divergence between non-centered mixtures of scaled Gaussian

distributions:

e \Wasserstein distance
e Entropy-Regularized Optimal Transport

Wasserstein distance between Gaussian distributions (from H. Janati et al.,
“Entropic Optimal Transport between Unbalanced Gaussian Measures has a
Closed Form”, Neurips 2020):
W22 (N(I'l‘h 21)7N(/L2, 22)) =
1
1 1\ 2
i — il + T(ED) + T(E) — 2T (Ei Zax} )

e Apply RGML to more recent datasets (larger p, larger n, larger K): SGD, SGA,
“low rank + identity” structure, ...
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e Integrate developed estimators in a differentiable pipeline.
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Figure 29: Tangent Space Mapping Network (from R. J. Kobler et al., "SPD
domain-specific batch normalization to crack interpretable unsupervised domain
adaptation in EEG”, Neurips 2022)

e Domain adaptation: see if developed algorithms are robust to

distributions shifts on real datasets; e.g. inter-session and -subject in
EEG datasets.
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Perspectives

Fisher information metric for optimization:
e Only a good preconditioner ?

e When second order retractions are useful 7

Parameter space Distribution space

0-Vh
.

4~ KL(A||B)

Figure 1: A typical situation encountered when performing large discrete updates in the original
parameter space. The red arrow is the natural gradient direction (given by the vector
Vh in parameter space) and the black arrow is the path generated by taking 6 — aVh
for a € [0,1].

Figure 30: Euclidean retraction (from James Martens, " New Insights and
Perspectives on the Natural Gradient Method”, JMLR 2020)

e |terates defined up to reparametrizations of the sample and parameter spaces:

m|n|m|ze f(Z] {x;}) = f(AZAT\ {Ax; + p}) (A invertible)
265
T+ — exp ( an(Z )
++
Xp.? ) 4 (~aVF(AZOAT)) = Aexpz " (—aVFA(ED))AT = AT AT
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Riemannian geometry, robust estimation and libraries

Optimization on Riemannian manifolds:

[8] P.-A. Absil, R. Mahony, and R. Sepulchre. Optimization Algorithms on Matrix Manifolds. Princeton, NJ: Princeton University
Press, 2008, pp. xvi+224. 1SBN: 978-0-691-13298-3.

[9] Nicolas Boumal. An introduction to optimization on smooth manifolds. 2022. URL: http://www.nicolasboumal.net/book.

Robust statistics:

[10] Ricardo Antonio Maronna. Robust M-Estimators of Multivariate Location and Scatter. 1976. DOI: 10.1214/a0s/1176343347.
[11] David E. Tyler. A Distribution-Free M-Estimator of Multivariate Scatter. 1987. DOI: 10.1214/a0s/1176350263.
[12] Esa Ollila et al. Complex Elliptically Symmetric Distributions: Survey, New Results and Applications. 2012. DOI:

10.1109/TSP.2012.2212433.

Software:
[13] N. Boumal et al. Manopt, a Matlab Toolbox for Optimization on Manifolds. 2014. URL: https: //ww.manopt . org.
[14] J. Townsend, N. Koep, and S. Weichwald. Pymanopt: A Python Toolbox for Optimization on Manifolds Using Automatic

Differentiation. 2016.
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Study of a "low rank” statistical model: estimation

3.5 —— steepest - classical metric
—— conjugate - classical metric
3 steepest - Fisher information metric
- —— conjugate - Fisher information metric
8 2.5+
5=
©
=
= 24
80
o
¢ 154
=]
)
&
=z 14
0.5
0 -

T T T T T T
0 20 40 60 80 100 120 140 160 180 200
Iterations

Figure 31: Negative log-likelihood versus the iterations.



NC-MSGs: application to the Breizhcrops dataset
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Figure 32: "Overall Accuracy” metric achieved by the proposed Nearest

centroid classifier on the Breizhcrops dataset versus (3. The regularization is
the L2 penalty.



NC-MSGs: numerical experiments for the estimation

B=0 B8 =10""°
= 3 3 Prod., steepest
=2 Prod., conjugate
8 FIM, steepest
N
E
)
& 1 1
T T T T T T T T
1 10 100 1000 1 10 100 1000
10° 10°
g 107! 1071
o 10:2 B 10:2 B
3 1073+ 1073
B 107% 10%
O 107° 1075
T T T T T T T T
1 10 100 1000 1 10 100 1000
Iterations Iterations

Figure 33: Regularized NLL and its gradient norm versus iterations of the
optimizers. The chosen regularization is the L2 penalty. Each estimation is performed
on n = 150 samples in R sampled from a NC-MSG.
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