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Context



Context of the PhD

In recent years, many image time series have been taken from the earth
with different technologies: SAR, multi/hyper spectral imaging, ...
Objective

Segment semantically these data using spatial information, temporal
information and sensor diversity (spectral bands, polarization...).
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Figure 1: Multivariate image time series.
Applications

Disaster assessment, activity monitoring, land cover mapping, crop type

mapping, ... 2/27



Example of a hyperspectral image

Indian pines dataset:

e 145 x 145 pixels, 200 spectral bands,

e 16 classes (corn, grass, wood, ...).

Figure 2: Raw image.

Figure 3: Segmented image,
one color = one class.
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Example of multi-spectral time series

Breizhcrops dataset!:

e more than 600000 crop time series across the whole Brittany,
e 13 spectral bands, 9 classes.
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Figure 5b: Reflectances p of a time series of corn.

Ihttps://breizhcrops.org/ 42
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Clusterin ation pipeline and Riemannian geometry

Step 3: feature

Step 1: sliding window Step 2: feature estimation clustering/classification 2 classes: white and red
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Figure 6: Clustering/classification pipeline.

Examples of 0:
6 = X a covariance matrix, § = (u, X) a vector and a covariance
matrix, 6 = ({77}, U) a scalar and an orthogonal matrix...
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Clustering/classification pipeline and Riemannian geometry

Clustering/classification and Riemannian geometry

0 € M, a Riemannian manifold (contraints and non-constant metric):
e step 2: minimization of £ over M,

e step 3: computing distances and centers of mass on M.

Existing work (e.g. in BCI classification)
X1, , X € RP realizations of x ~ N(0,X), X € Sf.
Step 2: maximum likelihood estimator:

s L
=% == xT.
. Z XiX; (1)
i=1
Step 3: Riemannian distance on Sp++ (geodesic distance):
_1 _1
ds++(X1,X2) = H'Og (21 X2 2) H2 (2)
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Riemannian geometry and
objectives



What is a Riemannian manifold ?

Curvature induced by:

e constraints, e.g. the sphere: ||x|| =1,

e the Riemannian metric, e.g. on S;*:
(& mz' =Tr(E76x ).

Figure 7: A Riemannian manifold.
Examples of Riemannian manifolds M:
e linear space (no constraints): RP*P
e orthogonality constraints: St,, = {U € RP*k: UTU = I}
e positivity constraints: ST+ ={X €S, :Vx#0eRP, x"Xx >0}
e rank constraints: S;k ={X e S; rank(X) = k}
e norm constraints: 5P ! = {X e RP*P: | X|| =1}
e quotient space: Gr, x = {{UO: 0 € O} : U € St}
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Optimization on a manifold

8/27



Optimization on a manifold
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Optimization on a manifold
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Optimization on a manifold
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Step 2: objectives for feature estimation

Figure 8: Example of a SAR image Figure 9: Example of a hyperspectral
(from nasa.gov). image (from nasa.gov).
Objectives:

e Develop robust estimators, i.e. estimators that work well with non
Gaussian data because of the high resolution of images.

e Develop regularized/structured estimators, i.e. estimators that
handle the high dimension of hyperspectral images.
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nasa.gov
nasa.gov

Step 3: objectives for clustering/classification

Figure 10: Distance: Figure 11: Center of mass:
length of the geodesic . 0= a;ger/‘&in Z d3(0,6;).
Objectives:

Develop distances

e that respect the geometry of M (e.g. orthogonality constraints),

e and that are related to the chosen statistical distributions.
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Study of a "low rank” statistical
model




Study of a "low rank” statistical model

Step 3: feature

Step 1: sliding window Step 2: feature estimation clustering/classification 2 classes: white and red
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Figure 12: Clustering/classification pipeline.

Statistical model
X1, ,Xp € RP, Yk < p:

x; ~N(0,;UUT +1,) (3)

with 7; > 0 and U € RP*¥ is an orthogonal basis (UT U = I).
Goal: estimate and classify 6 = (U, 7).
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Study of a ”low rank” statistical model

Statistical model
d
xi = ymilg; + o (4)
S signal€span(U)  noise€R?

where g; ~ N (0, 1) and n; ~ N (0, 1,) are independent, T € (R})",
and U € RP*¥ is an orthogonal basis (U U = I}).

A. Collas et al., “Probabilistic PCA From Heteroscedastic Signals: Geometric Framework and Application to Clustering” in IEEE Trans. on Signal Processing 2021 12/27



Study of a "low rank” statistical model: estimation

Maximum likelihood estimation (MLE)

Minimization of the negative log-likelihood with constraints:

e U € Grp y: orthogonal basis of the subspace (and thus invariant by rotation !)

o 7 € (Rf)" : positivity constraints

minimize L(U,T) (5)
(U,T)EGrP.’kX(RI)"

A. Collas et al., “Probabilistic PCA From Heteroscedastic Signals: Geometric Framework and Application to Clustering” in IEEE Trans. on Signal Processing 2021 13/27



Study of a "low rank” statistical model: estimation

Fisher information metric
V£ = (€U7£T)7n = (Wuﬂ?q-) in the tangent space
(& my'ry =E[DLO)EIDLO)M] (6)
=2ncy Tr (557“_,) +k(, 00+ 7)9_1) T (mro@@+ 7)6_1) , (1)

2
n Ti

i=1 1+7; "

where ¢ = %Z

To solve (5) : Riemannian gradient descent on (Gr,  x (R)", (.,.)FIM).

o . .
8 —— Classical metric
= 3 Fisher information metric
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Figure 13: Negative log-likelihood versus the iterations.

A. Collas et al., “Probabilistic PCA From Heteroscedastic Signals: Geometric Framework and Application to Clustering” in IEEE Trans. on Signal Processing 2021 14/27



Study of a "low rank” statistical model: bounds

Intrinsic Cramér-Rao bounds
Study of the performance through intrinsic Cramér-Rao bounds:

subspace estimation error

2 ; (p=Fkk _ (p—k)k
IE[dGrp’k(span(U),span(U))] > e X SNR (8)
1 (1 +7)?
2 = > - AT
E[d(R:r)n(TvT)] =k z} T,'2 (9)
N————— i=
texture estimation error
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Figure 14: Mean squared error versus the number of simulated data.

A. Collas et al., “Probabilistic PCA From Heteroscedastic Signals: Geometric Framework and Application to Clustering” in IEEE Trans. on Signal Processing 2021 15/27



Study of a "low rank” statistical model: K-means++

(U1, 1) (U2, 72)

Fi 16: f ,T).
Figure 15: Distance. igure 16: Center of mass (U, T)

Ground truth
40 60 80

100 120 140

Figure 17: Figure 18: Figure 19: Ground truth.
Euclidean K-means++: Proposed K-means++:
OA = 31.2%. OA = 47.2%.
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Geodesic triangles for
classification problems




Geodesic triangles for machine learning

Step 3: feature

Step 1 sliding window Step 2: feature estimation clustering/classification 2 classes: white and red
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Figure 20: Clustering/classification pipeline.

Statistical model

Let xq,---,x, € RP distributed as x ~ N (u, X) with p € RP,
eSSt

Goal: classify 6 = (u, X).
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Geodesic triangles for machine learning

Riemannian geometry of Gaussian distributions
Space of u € RP and X € S with the Fisher information metric:
V¢ = (£,,€5) ,n = (n,,mx) in the tangent space

- 1 - .
(& Mius) = ELE M+ 5 Tr (B¢ ). (10)

Problem
This Riemannian geometry is not fully known...

N(py, X1) (o, Z2)

A. Collas et al., “On The Use of Geodesic Triangles Between Gaussian Distributions for Classification Problems” in ICASSP 2022 18/27



Geodesic triangles for machine learning

Solution: use of geodesic triangles
Divergence ¢:

| h of
N (i1, E1) (2. 52) A
the path between
(p1, E1) and (p, X2).

N(I"sz)

et (p1, Z1) = (B, €X1) = (B2, X2), Ve >0
61t (Mg, Z1) = (B, 1+ ApAp’) = (1, X2), Ap = py — py

Riemannian center of mass (u, X) of {(p;, X;)}
(/1’72) = arg min 262 ((H,z),(ﬂ,,z,)) (11)

(1, X)ERP X ST 5
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Geodesic triangles for machine learni

Breizhcrops dataset:

-10*
e more than 600000 crop < O.é 1 ground signal cloud noise
= 0.6 L
time series across the x 0.4 <
. 0.2 | / \ g
whole Brittany, 0 ‘ ; :
January April  August December

e O classes,

e 13 spectral bands. Figure 21: Reflectances of a Sentinel-2 time series.

Estimator Geometry | Overall accuracy (%)
X RPXn 10.1
sample mean [ RP 13.2
sample covariance matrix % S 46.7
Proposed - (fx, %) dc 54.3
Proposed - (f1, %) o1 53.3

Table 1: Accuracies of Nearest centroid classifiers on the Breizhcrops dataset.

A. Collas et al., “On The Use of Geodesic Triangles Between Gaussian Distributions for Classification Problems” in ICASSP 2022 20/27



Robust Geometric Metric
Learning




Let be a classification problem with K classes.

Metric learning

Find a Mahalanobis distance

da(xi, x;j) \/(x, —x))TA- Yx; — xj) (12)

relevant for classification problems.

Metric learning as covariance estimation

Proposed minimization problem:

minimize Zﬂ'kﬁk(Ak +A Zﬂk A+ (AA) (13)
(A{ane(si)

negative log-likelihood cost function to compute
the center of mass of {A}

{7k} are the proportions of the classes and {£,} are to be defined.

A. Collas et al., “Robust Geometric Metric Learning” in EUSIPCO 2022
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obust Geometric Metric Learning (RGML)

Let sx; = x; — xm where x;, x,, belong to the class k.

Gaussian negative log-likelihood

¥

L¢ k(Ak Z Sy A;lsk,' + log ‘Ak‘ (14) Q0

1 &
minimized for A, = — ZSMSL (15)
Nk =

Tyler cost function

D4
L1 (A = Zlog (shAtsk) +loglan  (16)
i=1 )
I P
minimized for Ay = — — Skisz—' (17)
ng ; sZ;Ak lsk,' '
S
weight of
sample s;;

A. Collas et al., "Robust Geometric Metric Learning” in EUSIPCO 2022 22/27



Robust Geometric Metric Learning (RGML)

Riemannian metric
V€ = (& {&k})sn = (n,{nk}) in the tangent space

K
(& magay =Tr(A7¢A n) + Z Tr (A, "¢,A ) (18)
k=1

—> strongly geodesically convexity of the minimization problem
— the Riemannian gradient descent is fast

,E 9 Gaussian RGML
§ 10" 7 Tyler RGML
=
+
3
o _|
“ 10 T T T T T
0 10 20 30 40
Iterations

Figure 22: Cost function versus the iterations.
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Robust Geometric Metric Learning (RGML)

RGML + k-NN on datasets from the UCI Machine Learning Repository

Wine Vehicle Iris
p=13,n=178, K =3 | p=18,n=2846 K =4 p=4,n=150 K =3
Method Mislabeling rate Mislabeling rate Mislabeling rate
0% 5% 10% 15% | 0% 5% 10% 15% | 0% 5% 10% 15%
Euclidean 30.12 30.40 31.40 32.40|38.27 38.58 39.46 40.35| 3.93 4.47 531 6.70
SCM 10.03 11.62 13.70 17.57 | 23.59 24.27 25.24 26.51|12.57 13.38 14.93 16.68

ITML - Identity 3.12 415 540 7.74 |24.21 2391 24.77 26.03| 3.04 4.47 531 6.70
ITML - SCM 245 476 6.71 10.25[23.86 23.82 24.89 26.30( 3.05 13.38 14.92 16.67
GMML 2.16 358 5.71 9.86 |21.43 22.49 2358 25.11| 2.60 5.61 9.30 12.62
LMNN 427 6.47 7.83 9.86 |20.96 24.23 26.28 28.89| 3.53 9.59 11.19 12.22
Proposed - Gaussian | 2.07 2.93 5.15 9.20 [19.76 21.19 2252 24.21| 2.47 5.10 8.90 12.73
Proposed - Tyler | 2.12 2.90 4.51 8.31 |19.90 20.96 22.11 23.58| 2.48 2.96 4.65 7.83

Table 2: Misclassification errors on 3 datasets: Wine, Vehicle and lIris.
Mislabeling rate: percentage of labels randomly changed in the training set.

Github: https://github.com/antoinecollas/robust_metric_learning

A. Collas et al., "Robust Geometric Metric Learning” in EUSIPCO 2022 24/27
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Conclusion

Step 3: feature

Step 1: sliding window Step 2: feature estimation clustering/classification 2 classes: white and red
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Figure 23: Clustering/classification pipeline.

Theoretical contributions:
e new statistical estimators, new Cramér-Rao bounds, new
divergences, new Riemannian centers of mass, ...
e new strongly g-convex optimization problem in metric learning.

Applications on real datasets: Indian pines hyperspectral image,
Breizhcrops multispectral times series, datasets from the UC/ repository.
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Conclusion

Software:
e contributor of pyManopt?: Python library for optimization on Riemannian
manifolds,

e repository of Robust Geometric Metric Learning>.
Near future:

e release pyCovariance: Python library for statistical estimation and
clustering/classification using Riemannian geometry,

Future work:
e more sophisticated classifiers e.g. take into account the variance of 6
(LDA/QDA on manifold)

e connection between optimal transport and optimization on manifold: continue
the work done with Bamdev Mishra, creator of Manopt, in summer 2021

e apply these methods on other data such as EEG

’https://github.com/pymanopt/pymanopt
Shttps://github.com/antoinecollas/robust_metric_learning
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Study of a "low rank” statistical model: estimation
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Figure 24: Negative log-likelihood versus the iterations.
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