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Metric learning Gaussian RGML & Tyler RGML

Supervised regime with K classes: {(x;,v:)}._,. Find a Mahalanobis distance ' Gaussian RGML:

da(xi, x;) = \/(2132' —x)T A" (x; — ;)
relevant for classification problems.
A € §)7 the set of p x p symmetric positive definite matrices.
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where §§;" = {E €S, X = 1} (unit determinant)
State of the art & covariance estimation

8; +and 881;H as Riemannian manifolds
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- - On S++ ++ t :
Set S: ng pairs (x;, x,) With y, = ¥, NS, /S8 curvature induced by

Set D: np pairs (x;, z,) with y; # y,. = the Riemannian metric:

€n)y =Ti(Z ex'n)

" constrainton 8§, |X| = 1,

Information-Theoretic Metric Learning (ITML): [2]

. . . iy . .
Given A, € S};‘ﬁ and u, v > 0 Figure 1. Representation of S+ as a Riemannian

manifold with a point ¥ and tangent vectors

mliélni?ize Tr(AAp) +log |A] ne xS
€S
Subject to d?4<ajla wq) S u, <ZB[, xq) - S Chosen Riemannian metriC: VO = (A, {Ak}), \V/£ — <€, {gk}> » 1] = <77, {T’k}>
d4y(x, x,) > v, (x,2,) €D ) ) K 3 )
AT ’ Emo=Tr (A€An) + > Tr(A;'¢A;'n,)
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AO = EZizl £Xr;

+ = minimization of the Gaussian negative log-likelihood under
constraints.

k=1
— cost functions hg and ht are geodesically convex.

Geometric Mean Metric Learning (GMML): [O] Riemannian gradient descents [1]
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minimize — Z dy(xy, zy) + — Z A’y (0, ) . .
A€S, NS (4iares nD e p Given a > 0 a step size
Closed form solution (Riemannian interpolation): Iterations of Gaussian RGML.
1 1 B _% % % t _% . S;’+ K+1 Y K+1
Al =S4,D =S (S'DS?) S witht € [0, 1 O — Rgg ) (~a y(sp ) ha(0) )
1 1 T kn emannian gradi
S = - Z (¢; — x,)(x; —x,)) and D = - Z () — ;) (] — x,)". retraction on <8p++>K+ Riemannian gradient of i
(la:l,a:q)ES ' (x,x,)€D
In practice, works well for t small, 1e. A ~ S. lterations of Tyler RGML:
Assumption: Data points of each class are realizations of independent random By = Re(ssg ) ( N V(SSJ *)KH h(6)) )
vectors with class-dependent first and second order moments —_— > ————
, K+1 Riemannian gradient of Ay
d % retraction on <88p++)
T = My, + LU

with p, € R?, X € §)7, E[uy| = 0 and E[Ukzugq] = I, if kl = kq, 0, otherwise. Retractions and Riemannian gradients are given in Section Il of the paper.

K
— E[S] =2 mX; ~ E[A] Application
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Application to datasets from the UCI Machine Learning Repository [3l.

where {m;} are the classes proportions.
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negative log-likelihood cost function to compute
the center of mass of { A} RGML + k-nearest neighbors
where A > 0 and dsy+ s the Riemannian distance on & Wine Vehicle Iris
) N2 p=13,n=178, K =3 p=18,n=2846, K =4 p=4n=150, K =3
d2 A A)=Illocl A 2A,.A 2 . Method Mislabeling rate Mislabeling rate Mislabeling rate
St (41, AL & k
p F 0% 5% 10% 15% | O% 5% 10% 15% | O% 5% 10% 15%
Fuclidean | 3012 3040 3140 3240 3827 3858 3046 4035 393 447 531 6.70
_ _ o _ SCM 1003 1162 1370 1757 | 2359 2427 2524 2651 1257 1338 1493 1668
Gaussian negative log-likelihood & Tyler cost function TML - Identity | 312 415 540 774 2421 2391 2477 2603 304 447 531 6.70
TML-SCM | 245 476 671 1025|2386 2382 2489 2630 | 305 1338 14.92 1667
Set S ny, pairs (x;, ) With y, = y, = k. GMML 216 358 571 986 2143 2249 2358 2511 260 561 930 1262
LMNN 427 647 783 986 |2096 2423 2628 2889 | 353 959 1119 12.22
: : o 1 , Gaussian RGML | 207 293 515 020 | 1976 2119 2252 2421 | 247 510 890 1273
Gaussian negative log-likelihood: Tyler RGML | 212 290 451 831 1990 2096 2211 2358 248 2.96 4.65 783
1 T A—1
Lei(Ag) = . Z (@1 —xy)" A (1 — x4) + log | Ay Table 1. Misclassification errors on 3 datasets: Wine, Vehicle and Iris. Mislabeling rate: percentage of labels
(x1,24)ESK randomly changed in the training set.
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Tyler cost function: [5]
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